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ABSTRACT: A simple analytical model is presented for the removal of stream-borne contaminants
by hyporheic exchange across duned or rippled streambeds. The model assumes a steady-state balance
between contaminant supply from the stream and first-order reaction in the sediment. Hyporheic
exchange occurs by bed form pumping, in which water and contaminants flow into bed forms in high-
pressure regions (downwelling zones) and out of bed forms in low-pressure regions (upwelling
zones). Model-predicted contaminant concentrations are higher in downwelling zones than upwelling
zones, reflecting the strong coupling that exists between transport and reaction in these systems.
When flow-averaged, the concentration difference across upwelling and downwelling zones drives
a net contaminant flux into the sediment bed proportional to the average downwelling velocity.
The downwelling velocity is functionally equivalent to a mass transfer coefficient, and can be estimated
from stream state variables including stream velocity, bed form geometry, and the hydraulic conductivity
and porosity of the sediment. Increasing the mass transfer coefficient increases the fraction of streamwater
cycling through the hyporheic zone (per unit length of stream) but also decreases the time contaminants
undergo first-order reaction in the sediment. As a consequence, small changes in stream state variables can significantly alter the
performance of hyporheic zone treatment systems.

■ INTRODUCTION

The hyporheic zone is the region beneath and adjacent to a
stream where surface water and groundwater mix. Its physical
and chemical environment supports a community of organisms
that collectively remove contaminants and cycle carbon, energy,
and nutrients.1,2 The hyporheic zone also regulates stream tem-
perature and sediment budgets, serves as a spawning ground/
refuge for fish species, and provides a rooting zone for aquatic
plants. These ecosystem services require vigorous exchange of
water, nutrients and energy across the sediment−water inter-
face, a process referred to as hyporheic exchange. Stream resto-
ration can include featuressuch as pools, riffles, steps, debris
dams, bars, meander bends, and side channelsthat enhance
hyporheic exchange.3 Hyporheic exchange can also be
incorporated into the design of engineered streams to facilitate
the removal of carbon, phosphorus, nitrogen, and other
contaminants from polluted waters. In arid urban settings, for
example, dry streambeds can be converted to hyporheic zone
treatment systems for polishing effluent from wastewater
treatment plants.4 Potential benefits include improved receiving
water quality, groundwater protection, new stream habitat, low

energy consumption, and a small carbon footprint. On the
other hand, a poorly managed hyporheic zone can degrade
surface water quality, for example by polluting the overlying
water column with fecal bacteria growing in the sediment bed5 or
releasing heavy metals and nutrients.6 Whether the goal is restoring
natural streams, engineering low-energy treatment systems, or
managing existing water quality impairments, quantitative tools
are needed to predict the effects of hyporheic exchange on the
transport and transformation of contaminants in streams.
Here we focus on a particular type of hyporheic exchange that

occurs when a turbulent stream flows over bed forms (such as
ripples and dunes) on a permeable sediment bed. The central
role of turbulence in this problem poses special (multiphysics)
challenges that set it apart from other low-energy treatment
systems where the bulk flow is often laminar or transitionally
turbulent, such as surface7 and subsurface8 wetlands. The present
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state-of-the-art involves three steps (e.g., refs 9−11): (1) calcu-
lating the pressure distribution at the sediment-water interface by
numerically solving the Navier−Stokes equations for turbulent
streamflow over the bed forms of interest; (2) calculating water
flow through the hyporheic zone from Darcy’s Law and the
continuity equation using pressure distributions along the
sediment−water interface (from step (1)) and stream-aquifer
boundary together with an assumed sediment permeability field;
and (3) calculating solute concentrations in the interstitial fluids
of the sediment from a mass conservation equation that accounts
for physical transport processes (advection, mechanical dis-
persion, molecular diffusion) and the chemical and biogeochem-
ical transformations of interest. To complement this relatively
computationally- and data-intensive numerical approach, in this
paper we derive and solve a simple analytical model of hyporheic
exchange and in-sediment reaction. Our simple model builds on
an idealized flow field for hyporheic exchange first proposed by
Elliott and Brooks (hereafter referred to as EB)12,13 and gene-
ralizes a solution for hyporheic exchange and reaction presented
by Rutherford et al. that focused on benthic oxygen uptake of
sediments in a polluted stream.14

The Elliott and Brooks Model for Pumping Across Bed
forms. The EB flow model is premised on the idea that turbulent
flow over periodic bed forms causes the dynamic pressure at the
sediment−water interface to oscillate with distance downstream.
Pressure variation is caused by acceleration of flow and detach-
ment of the velocity boundary layer over the crest of the bed

form.15,16 The resulting stream-parallel pressure oscillation drives
flow across the sediment−water interface, into the sediment
in high-pressure regions (downwelling) and out of the sediment
in low-pressure regions (upwelling). In the EB flow model,
this periodic pressure variation at the sediment-water interface is
idealized as a sinusoidal function, where the variable hSWI (units of
length, L) refers to pressure head (i.e., pressure normalized by the
specific weight of water) (Figure 1A):

= ̅h h xsin( )SWI m (1)

Variables in eq 1 include the reduced horizontal coordinate
x ̅ = 2πx/λ [−], the horizontal coordinate parallel to the
sediment-water interface x [L], and the wavelength λ [L]
and amplitude hm [L] of the pressure head variation. The wave-
length λ of the pressure wave corresponds to the wavelength
of the bed form, and the trough and peak of the pressure
wave correspond to where the velocity boundary layer detaches
(at the bed form crest) and reattaches (on the lee side of the
bed form), respectively.
Assuming a sinusoidal pressure distribution hSWI at the

sediment−water interface and constant hydraulic conductivity
Kh (units of length per time, L T−1) throughout the sediment
bed, application of Darcy’s Law and the continuity equation
yields the following solution for the pressure head and velocity
field in the interstitial pores of the hyporheic zone:12

̅ ̅ ̅ = = ̅ ̅h x y h h xe( , ) / sin y
m (2a)

Figure 1. Elliott and Brooks (EB) model for flow through the hyporheic zone of a stream with bed forms, including the assumed pressure head
distribution at the sediment−water interface (SWI, panel A) and the derived velocity field in the hyporheic zone (panel B). Flow from the stream
into the sediment (downwelling) occurs in high-pressure regions; flow from the sediment into the stream (upwelling) occurs in low-pressure regions.
The color denotes the modulus of the Darcy flux vector (see eq (2d)). Horizontal and vertical distances are reduced by the wavelength λ of a bed
form: x ̅ = 2πx/λ and y ̅ = 2πy/λ. Contaminant transport and first-order reaction in the hyporheic zone can be modeled numerically (assuming that
mass transfer in the sediment occurs by advection, mechanical dispersion, and molecular diffusion) (panel C) or with an analytical solution
(assuming that mass transfer in the sediment occurs only by advection) (panel D).
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̅ = = − ̅ ̅u u u xe/ cosx x
y

m (2b)

̅ = = − ̅ ̅u u u xe/ siny y
y

m (2c)

|| ̅ || = ̅ + ̅ = ̅u u u ex y
y2 2

(2d)

π λ̅ =x x2 / (2e)

π λ̅ =y y2 / (2f)

π λ=u K h2 /m h m (2g)

The vertical distance above the sediment−water interface
is denoted by the coordinate y [L]. The variables ux [L T−1],
uy [L T−1], and || ̅ ||u [−] represent, respectively, the x-component,
y-component, and a reduced form of the modulus of the Darcy
flux (flow volume per unit area) through the sediment. Application
of the EB flow model requires an estimate for either the maximum
Darcy velocity um [L T−1] or pressure head amplitude hm. These
parameters can be estimated from stream state variables using one
of several empirical relationships, detailed later.
There are two striking features of the velocity field predicted

by the EB flow model (Figure 1B). First, circulation of water
across the sediment−water interface occurs in a series of
identical (or mirror-image) unit cells; a single unit cell extends
from x ̅ = −π/2 to x ̅ = π/2 in Figure 1B. Second, the modulus
of the Darcy velocity vector decays exponentially with depth
(eq 2d, see color in Figure 1B; note that the vertical coordinate
y is oriented upwards, and therefore y is negative into the
streambed). These two features of the EB flow fieldits unit
cell structure and exponential decline with depthare quali-
tatively similar to numerical predictions of in-sediment circu-
lation patterns generated by turbulent flow over asymmetrical
dunes (e.g., see Figure 1 in ref 15) and experimental observations
of streaklines through sediment during hyporheic exchange.13,16

The depth to which the velocity field extends into the sediment
bed (1/e-folding depth approximately equal to λ) also agrees well
with experimental measurements and numerical simulations of
hyporheic exchange under dunes, dHZ ≈ aλ, where dHZ [L] is the
depth of the hyporheic zone and the constant a varies between
0.4 and 0.7 depending on dune geometry.11,15

A potential limitation of the EB model is its assumption that
the sediment−water interface is flat. To explore this potential
limitation, we compared the modulus of the Darcy flux
predicted by the EB model (eq 2d) with the Darcy flux
simulated using the approach outlined earlier; namely, solving

the Navier−Stokes equation for turbulent flow over a bed form,
and then solving flow through the hyporheic zone by
application of Darcy’s equation and the continuity equation
(see Supporting Information (SI)). Below the base of the bed
form the modulus of the Darcy flux predicted by the numerical
solution exhibits the same functional behavior as EB’s flat-bed
solution (i.e., both solutions decay exponentially with depth).
As might be expected, the functional form of the two solutions
differs for elevations between the base and crest of the bed form
(SI Figure S2). The surface-averaged Darcy flux across the
sediment-water interface is also similar (within about 11%, see SI).
In summary, given its simplicity and relative consistency with
both experimental observations and numerical simulations, the
EB velocity field is an excellent starting point for the modeling
described next.

Numerical Simulation of Contaminant Removal in the
Hyporheic Zone. To illustrate how the EB velocity field
affects mass transport and reaction in the hyporheic zone, we
carried out a series of numerical simulations. For these
simulations the following boundary conditions were adopted:9

(1) constant concentration at the top boundary (C = C0 at
y ̅ = 0, red line in Figure 1C), (2) a no-flux condition at the
bottom boundary (∂C/∂y ̅ = 0 at y ̅ = −2π, blue line in Figure 1C);
and (3) periodic boundaries at the edges (matching concen-
trations and fluxes at x ̅ = ± π, black lines in Figure 1C). At every
point in the numerical domain we assumed a steady-state balance
between first-order reaction in the sediment and contaminant
supply from the stream:9

θ
∇· − ·∇ = −⎜ ⎟

⎛
⎝

⎞
⎠C C k C

u
D r (3)

Equation 3 accounts for transport and mixing through the
hyporheic zone by advection, mechanical dispersion, and
molecular diffusion (two terms on left-hand side) and removal
within the sediment by first-order reaction (term on right-hand
side). The variables C (mass per volume [M L−3]), θ [−],
u [L T−1], D [L2 T−1], and kr [T

−1] represent contaminant
concentration in the sediment’s interstitial pores, sediment
porosity, Darcy flux vector, dispersion/diffusion tensor, and
first-order rate constant for contaminant removal, respectively.
According to the EB velocity field (eqs 2b and 2c) the Darcy
velocity vector and the dispersion/diffusion tensor (see9) can
be written as follows:

= − ̅ ̂ − ̅ ̂̅ ̅u xe i u xe ju cos siny y
m m (4a)
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(4b)

Variables appearing here include the dispersivities parallel αL

[L] and transverse αT [L] to the streamlines, and the molecular
diffusion coefficient of solute in water Dm [L2 T−1] modified by
a tortuosity parameter β [−] that takes into account the twists
and turns associated with diffusion through connected pore
spaces in the sediment: Dm′ = βDm where β = (1 + 3(1 + θ))−1.17

As is common for these types of analyses (e.g., refs 9 and 11),
our model does not consider variations in the permeability field,
and exchange between so-called mobile and immobile zones in

the sediment. However, a recent numerical study found
that, under the steady-state conditions employed here, small-
scale heterogeneities in the permeability field have relatively
little effect on the overall reaction rates observed within the
streambed.18

Equations 4a and 4b were substituted into eq 3 and the
resulting partial differential equation was solved using a generic
multiphysics finite element solver with adaptive meshing and
error control (COMSOL, version 4.4). The parameter values
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utilized for this numerical simulation (SI Table 1) were
taken from a previously published modeling study of
hyporheic exchange;9 they are representative of a medium-
sized stream flowing over periodic dunes on a permeable bed
of well-sorted sand. The first-order rate constant corresponds
to a contaminant half-life of 1.6 days, which is typical for the
respiration of dissolved organic carbon in a stream9 or the
mineralization of a low persistence anthropogenic contami-
nant, such as the pharmaceutical compound paracetamol, in a
sediment/water matrix under environmentally relevant
conditions.19

Contaminant concentrations predicted by the numerical simu-
lation vary dramatically across the upwelling and downwelling
zones of the bed form (Figure 2A). In the downwelling (high
pressure) zone, contaminant-rich water penetrates approximately
half a dune wavelength into the sediment (y ̅ ≈ − π). In the
upwelling (low pressure) zone contaminant-depleted waters
extend nearly all the way to the surface (y ̅ ≈ 0). For the steady-
state form of the mass balance equation adopted here (eq 3),
the mass of contaminant crossing the sediment−water inter-
face exactly balances the mass removed in the hyporheic zone
by first-order reaction. Under such conditions, the average flux
across the sediment-water interface can be calculated as follows:
J = θCavekrdCD [M L−2 T−1] where Cave is the average con-
taminant concentration in the computational domain, kr is the
first-order reaction rate, θ is streambed porosity, and dCD is the
depth of the computational domain. Here and throughout the
remainder of the paper, J is defined as the mass transported per
unit streambed area (including both sediment matrix and pore
spaces) per time; the negative sign denotes mass transport into
the sediment bed (i.e., in the direction opposite of the y-axis
which is oriented upwards, see Figure 1B). In our numerical
simulation the first-order reaction rate is kr = 5 × 10−6 s−1,
the depth of the computational domain is dCD = λ = 1 m, θ = 0.4,
and Cave = 0.206C0 where C0 is the fixed concentration of con-
taminant in the stream. Therefore, the flux of contaminant across
the sediment-water interface for this particular numerical
simulation is J = −(4 × 10−7 ms−1)C0.

Relative Importance of Advection, Mechanical Dis-
persion, And Molecular Diffusion. The numerical simu-
lation used to generate Figure 2A includes all three transport
mechanisms potentially operative in the hyporheic zone;
namely, advection, mechanical dispersion, and molecular diffu-
sion. An order-of-magnitude analysis suggests that, for the set
of parameters listed in SI Table 1, mass transport in the
hyporheic zone is dominated by advection (see SI). To test this
idea, we carried out a series of numerical simulations in which
different combinations of transport mechanisms were turned
on or off. Three scenarios were tested: (1) all three transport
mechanisms turned-on (i.e., the simulation used to generate
Figure 2A); (2) advection and mechanical dispersion turned-
on and molecular diffusion turned-off; and (3) advection
and molecular diffusion turned-on and mechanical dispersion
turned-off. The obvious fourth scenario (both mechanical
dispersion and molecular diffusion turned-off) could not be run
because of an artifact associated with the surface boundary
condition; this artifact will be discussed in the next section. For
the three scenarios, the concentration fields are indistinguish-
able (Figure S3 in SI) and the flux (J) across the sediment−
water interface is the same to within three significant digits.
Because the concentration field is unchanged when mechanical
dispersion is substituted for molecular diffusion (and vice versa),
we conclude that the order-of-magnitude analysis is correct: mass
transport within the hyporheic zone is dominated by advection
in this case. More generally, when a contaminant is removed by
first-order reaction in the sediment bed, advection will dominate
over mechanical dispersion when αLkrθ/um ≪1; advection
will dominate over molecular diffusion when θβDmkr/um

2 ≪ 1
(see SI for derivations).

Artifacts Associated with the Surface Boundary
Condition. In numerical simulations of hyporheic exchange
and reaction it is common to apply a constant concentration
(i.e., a Dirichlet or first-type) boundary condition C = C0 at the
sediment-water interface (e.g., refs 9, 18, 20), as was the case
for the numerical simulation described in the last section. As is
evident from Figure 1B, flow fields in the downwelling and

Figure 2. Concentration fields predicted by the numerical (panel A) and analytical (panel B) solutions of hyporheic exchange and first-order
reaction, assuming flow through the hyporheic zone follows the EB velocity model (see Figure 1). The colors in panel A and B denote the
concentration of contaminant in the pore fluid C normalized by the concentration of contaminant in the stream (C0): C̅ = C/C0. The difference
between numerical and exact solutions (ΔC̅ = C̅numerical − C̅exact) is shown in Panel C.
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upwelling zones are symmetrical. For a constant concentration
boundary condition at the surface, the advective mass flow into
the sediment must equal the advective mass flow out of the
sediment. If advection dominates over dispersion and diffusion,
then mass loss by reaction will cause concentration to decrease
along a streamline, from the initial value of C0 in the down-
welling zone to the upwelling zone where the concentration
rapidly rebounds to C0 at the sediment-water interface. Total
mass conservation is achieved by dispersive and/or diffusive mass
transport into the sediment due to the steep concentration
gradient at the sediment-water interface (see SI). This explains
why the fourth scenario described in the last section (both
mechanical dispersion and molecular diffusion turned-off) could
not be simulatedin numerical simulations of hyporheic
exchange in which a constant concentration boundary condition
is applied at the sediment−water interface, overall mass balance
cannot be satisfied without including some form of Fickian
diffusion/dispersion.
Analytical Model of Hyporheic Exchange: Mass-

Transfer-Limit Solution. In this section we derive an exact
solution for mass flux across the sediment-water interface
under mass-transfer limited conditions. We focus on a single
streamline; namely, the one that intersects the sediment-water
interface at x = x0 (top highlighted streamline, Figure 1D). Along
this particular streamline and assuming mass transport occurs by
advection alone (i.e., mechanical dispersion and molecular
diffusion are neglected, see last section), mass flows into the
hyporheic zone at a rate of dmin(x0) = |C0Wuy(x = x0, y = 0)dx0|
and out of the hyporheic zone at a rate of dmout(x0) =
|Cf(x0)Wuy(x = −x0, y = 0)dx0| where Cf(x0) represents the final
contaminant concentration at the point where a water parcel exits
the hyporheic zone (and enters the stream) andW represents the
width of the stream. The average contaminant flux across the
sediment−water interface can be found by substituting the EB
flow model for uy (eq 2c), adding up the net mass transferred
(mout(x0) − min(x0)) over all streamlines in the unit cell, and
dividing by the interfacial area over which the mass is transferred:

∫π
= − + ̅ ̅ ̅

π
J

u
C C x x x( ( ))sin dm

0

/2

0 f 0 0 0 (5)

where x0̅ = 2πx0/λ.
To solve this integral the final concentration Cf(x0̅) must be

specified. When all mass entering the hyporheic zone is lost by
reaction (referred to here as the mass transfer-limit) the final
concentration will be zero (Cf(x0̅) = 0) and eq 5 simplifies:

π
= −J

C u
MTL

0 m
(6)

The mass-transfer limited flux JMTL represents the maximum
mass flux that can be achieved by the EB model of hyporheic
exchange; the negative sign in eq 6 indicates that the net mass
flux is directed into the sediments.
Analytical Model of Hyporheic Exchange: Full

Solution. In general, not all solute will react as a water parcel
moves through the hyporheic zone. In such cases the final concen-
tration will be greater than zero (Cf(x0̅) > 0) and the magnitude of
mass flux across the sediment-water interface will be less than the
mass-transfer limited case (i.e., J/JMTL < 1). To solve this more
general problem requires specification of the function Cf(x0̅). If the
solute in question is removed by first-order reaction then the final
concentration will depend only on the time τf(x0̅) [T] it takes a
water parcel to traverse the streamline that began at x ̅ = x0̅:

̅ = τ− ̅C x C( ) e k x
f 0 0

( )r f 0 (7)

where kr [T
−1] is a first-order reaction rate constant.

To obtain an expression for the transit time function τf(x0̅)
we exploit a surprising feature of the EB flow model: the
x-component of the velocity is everywhere constant along the
x0̅ streamline (eq 8, see proof in SI).

̅ = − ̅u x u x( ) cosx 0 m 0 (8)

The constancy of the x-velocity along a streamline can be
understood by noting that near the sediment-water interface
the modulus of the velocity vector is large but its x-component
is small, whereas deeper into the sediment column the modulus
of the velocity vector is small but its x-component is large
(see Figure 1B). The constancy of ux(x0̅) implies that each
streamline in the hyporheic zone can be analyzed as if it were a
horizontal streamline beginning and ending at x0̅ and − x0̅,
respectively, and through which mass is transported at a con-
stant velocity ux(x0̅)/θ (bottom highlighted streamline, Figure 1D).
The residence time of a water parcel on the x0̅ streamline is
therefore the ratio of the x-distance a fluid particle travels (2x0) and
its constant velocity in the x-direction:

τ
θ

λ θ
π̅ =

−
= ̅

̅
x

x
u x

x
u x

( )
2
( )/ cosx

f 0
0

0

0

m 0 (9)

Combining eqs 5, 7, and 9 we obtain a final expression for
mass flux across the sediment−water interface:

= −
⎡
⎣⎢

⎤
⎦⎥J J
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(Da) 1
(Da)

MTL
exit

0 (10a)

∫
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= − ̅
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⎤
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x dx(Da) exp
Da
cos

sinexit 0
0

/2
0
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0
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(10b)

λθπ
=

k
u

Da r

m (10c)

The function Cexit is the flow-averaged concentration of con-
taminant exiting the hyporheic zone (and entering the stream)

Figure 3. Model predictions of mass flux across the sediment-water
interface (J) and flow-weighted concentration of contaminant exiting
the hyporheic zone in an upwelling zone (Cexit) as a function of a
nondimensional Damkohler Number, Da (see eqs 10a − 10c). The
variables JMTL and C0 represent the mass-transfer-limited flux (eq 6)
and fixed concentration of contaminant in the stream, respectively.
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in an upwelling zone (proof in SI). The dimensionless
Damkohler Number Da is the ratio of reaction rate to mass
transport rate. According to our model, contaminant removal
by hyporheic exchange and first-order reaction is fully deter-
mined by the value of Da (Figure 3). When the reaction rate is
much slower than the mass transport rate (Da < 0.01) con-
taminants pass too quickly through the sediment to undergo
reaction (Cexit/C0 = 1) and the net mass flux across the
sediment−water interface is zero (J = 0). When the reaction
rate is much faster than the mass transport rate (Da > 100)
contaminants undergo complete reaction (Cexit/C0 = 0) and
flux across the sediment−water interface is mass transfer
limited (J = JMTL). Between these two limits, mass flux across

the sediment−water interface depends sensitively on the value
of the Damkohler Number.

Comparison of Mass Flux Estimated by Numerical
and Analytical Solutions. For the parameter values listed
in SI Table 1, the average flux predicted from eq 10a, J −(4 ×
10−7 ms−1)C0, matches the average flux calculated from the
numerical simulations presented earlier. Thus, the numerical
and analytical solutions are in concordance.

Analytical Model of Hyporheic Exchange: Concen-
tration Field. An exact solution for the concentration field in
the sediment can also be derived for steady-state first-order
reaction and advective transport through the hyporheic zone
(see SI):

π
π π̅ ̅ ̅ = ̅ ̅ = − ̅ − ̅

̅
− < ̅ < ̅ <

− ̅

̅

⎡
⎣⎢

⎤
⎦⎥C x y

C x y
C

e x x
e x

x y( , , Da)
( , , Da)

exp
Da(cos [ cos ] )

2 cos
, /2 /2, 0

y

y
0

1

2
(11)

This solution applies only within the single unit cell of
the EB velocity field (− π/2 < x ̅ < π/2). However, because all
other unit cells are identical or mirror image, concentration
in all other unit cells can be obtained from eq 11 by translation
or reflection. Similar to the flux results presented earlier, con-
taminant concentration in the sediment pore fluids depends
only on the value of the Damkohler Number. For the set
of parameters listed in SI Table 1, the Damkohler Number
is Da = 2.2 and the concentration field calculated from eq 11 is
nearly identical to the concentration field generated from
the numerical simulation (Figure 2B). The exception is in the
upwelling zone near the sediment−water interface where the
numerical simulation predicts a steep concentration gradient
(see difference plot in Figure 2C). As noted earlier, this con-
centration gradient is an artifact of the constant concentra-
tion boundary condition imposed at the top of the numerical
domain.
A Mass Transfer Coefficient for Hyporheic Exchange.

There is controversy in the literature regarding whether or not
mass transfer coefficients can be used to model hyporheic
exchange.21,22 Our solution sheds light on this issue. The solution
for mass flux across the sediment−water interface (eq 10a) can be
rearranged as follows:

= − −J k C C( )m 0 exit (12a)

π
=k

u
m

m
(12b)

The form of eq 12a is mathematically identical to a film
model of interfacial mass transfer.23 The driving force for mass
transfer across the sediment-water interface is the difference
in the flow-averaged concentration in downwelling (C0) and
upwelling (Cexit) zones. The quantity km = um/π [L T−1]
represents the average volume of water per unit area (i.e., the
Darcy flux) flowing into the sediment over a bed form.12

The Damkohler Number introduced earlier can be written
explicitly in terms of the mass transfer coefficient:

λθ= k kDa /r m (13)

Several empirical approaches for estimating the mass transfer
coefficient are described next.
Estimating the Mass Transfer Coefficient for Hypo-

rheic Exchange. In this section we present several empirical
approaches for estimating the mass transfer coefficient
for hyporheic exchange. Because km is proportional to um

(see eq 12b), any empirical formula that relates um to stream
state variables can also be used to estimate km. We evaluate
two such expressions:
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Equation 14a follows from a formula reported by EB12 based
on experiments conducted by Fehlman24 which involved
pressure measurements over artificial dunes submerged in a
turbulent flow. Equation 14b follows from a formula proposed
by Cardenas and Wilson (hereafter referred to as CW) based
on numerical studies of turbulent flow over permeable dunes.15

Variables in these equations include the hydraulic conduc-
tivity Kh [L T−1] of the sediments, stream velocity U [L T−1]
and depth H [L], bed form wavelength λ [L] and height
Δ [L], gravitational acceleration g [L T−2], and kinematic
viscosity v [L2 T−1].
To evaluate the empirical expressions above, mass transfer

coefficients were calculated from 42 previously published
hyporheic exchange experiments (reviewed in refs 25 and 26).
Collectively, these experiments capture a variety of flow rates
(0.09 to 0.5 m s−1), bed form morphologies (ripples, dunes),
sediment grain sizes (median values of 0.13−6 mm), and flume
lengths (2.5−18.4 m).13,27−32 These experiments all had the same
basic design. A recirculating flume is configured to mimic turbulent
flow of water over a permeable sediment bed with periodic bed
forms. A conservative (nonreactive and nonadsorbing) tracer is
then added to the water column of the flume, and its concentration
monitored over time. From mass balance, the instantaneous flux of
tracer across the sediment-water interface can be calculated from
the decline of tracer concentration (Cw) in the water column: J =
(Vw/As)(dCw/dt) where the variables represent elapsed time t [T],
the total volume (Vw [L3]) of water overlying the sediment bed
(including water in the recirculating pipes but excluding interstitial
fluids in the sediment), and the surface area (As [L2]) of
the sediment-water interface. Mass-transfer-limited conditions
are approximated at the very beginning of an experiment when
Cexit ≈ 0 (see eq 10a), and therefore a mass transfer coefficient can
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be calculated from initial measurements of the instantaneous
flux J0:

= −k
J

Cm
exp 0

0 (15)

Equation 15 is obtained by combining eqs 6 and 12b and setting
JMTL = J0.
Experimental mass transfer coefficients calculated from eq 15

range over 3 orders of magnitude from 5.2 × 10−7 to 5.8 ×
10−4 m s−1. The EB formula (eq 14a) correctly predicts the
magnitude and overall trend of these data, although some
values are over- or under-predicted by up to a factor of 10
(Figure 4A, normalized root-mean-square deviance (NRMSD)
of 16%, see SI for details of the NRMSD calculation). The CW
formula (eq 14b) correctly reproduces the trend of the
measured data, but consistently under-predicts their magnitude
by approximately 10-fold (Figure 4B, NRMSD = 54%). The
CW model can be made to fit the data by setting the constant
a1 = 0, and then performing a linear regression on the log-trans-
formed km

CW and km
exp values (a1 = 0, a2 = 2.51 × 10−7, b1 = 0.85)

(Figure 4C, NRMSD = 13%). Of the three correlations
evaluated here (EB, CW, and modified-CW), the EB best
matches both the numerical simulations of hyporheic exchange
through a triangular dune (see SI) and the trend and magnitude
of measured mass transfer coefficients (Figure 4A). Therefore,
the EB correlation (eq 14a) was adopted for estimating um from
stream state variables in SI Table 1, and in the application of
our model to contaminant removal in streams described later.
Model Limitations. Our analytical model’s simplicity is

both its strength and weakness. Stripping the problem to its
essential elements (a canonical velocity field and first-order

reaction in the sediment) allows for explicit solutions for the
flux and concentration fields, and provides a theoretical foun-
dation for the application of mass transfer coefficients to the
modeling and study of hyporheic exchange. However, in so
doing we neglect many hydrological, biophysical, and chemical
processes that can influence contaminant fate and transport in
streams. First, the EB velocity field is an idealization of bed
form pumping that simplifies many details of that process.11,15,16

Second, bed form pumping is only one of many transport
mechanisms that can induce hyporheic exchange. Turbulent
eddies in the water column of a stream, for example, can cause
flow across the sediment-water interface in the presence or
absence of bed forms.33 Third, plants and animals colonizing the
hyporheic zone can exert profound impacts on stream-sediment
exchange, by forming mounds across which pumping occurs,
inducing pore water flow within sediments, and structuring the
permeability field with burrows and roots (reviewed in34).
Fourth, at a larger scale geomorphic features of a stream such as
riffle-pool sequences, debris dams, meander bends, and regional
groundwater flow all influence hyporheic exchange.1,2,35,36

Finally, many contaminants of practical interest are removed in
the sediment by reactions and processes that do not conform to
first-order kinetics.37 Keeping these limitations in mind, below
we utilize our simple model to evaluate the distances over which
stream contaminants might be removed by hyporheic exchange
through reactive sediments.

Evaluating the Distance over Which Contaminants
Are Removed. The distance over which streamborne conta-
minants are removed can be estimated by combining our
solution for flux across the sediment−water interface (eq 10a)
with a steady-state model of streamflow where x is distance

Figure 4. Measured versus model-predicted mass transfer coefficients for hyporheic exchange. Model-predicted mass transfer coefficients were
calculated from (A) eq 14a proposed by Elliott and Brooks; (B) eq 14b proposed by Cardenas and Wilson; and (C) a modified form of the model
proposed by Cardenas and Wilson (eq 14b with a1 = 0, a2 = 2.51 × 10−7, b1 = 0.85).
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along the stream and Cstream,0 is the contaminant concentration
in the stream at x = 0:

= −C C e x
stream stream,0

/
(16a)
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In this model we assume: (1) steady state conditions; (2)
down stream mass transport occurs by advection alone (i.e.,
longitudinal dispersion is neglected); (3) decline of contam-
inant concentration in the stream occurs over distances much
larger than the wavelength of a single dune (i.e., contaminant
concentration in the stream is constant over any single dune);
and (4) any other in-stream processes (e.g., transient storage
zones, decay in the water column) contribute negligibly to
contaminant fate and transport. The parameter represents the
downstream distance over which contaminant concentration is
significantly reduced (i.e., by the fraction 1/e) due to hyporheic
exchange and first-order reaction in the sediment bed. In the
stream ecosystem literature, is referred to as a “processing
length”.38 The fraction f Q is the portion of stream discharge (Q =
UHW) that flows through a single bed form (umλW/π); the
quantity f Q/λ is therefore the fraction of stream discharge
processed by the hyporheic zone per unit length of stream. The
variable f R represents the fraction of contaminant removed by
first-order reaction as water flows through the hyporheic zone; its
value can be calculated for any choice of the Damkohler Number
(compare eqs 16d and 10a).
Minimizing the processing length by manipulating stream

state variables could provide the basis for design of constructed
runoff or wastewater treatment systems.4 Similarly, river resto-
ration plans could be designed to minimize when contaminant
removal within the hyporheic zone is a key objective,39−41

although this may need to be balanced with other objectives of
hyporheic restoration.42,43 From eq 16b we deduce that
decreasing requires maximizing both f Q/λ and f R. Interestingly,
these two fractions exhibit opposite dependencies on the mass
transfer coefficient km. Increasing the mass transfer coefficient
increases the fraction of streamwater processed by the hyporheic
zone per unit length of stream ( f Q/λ ∝ km) but reduces the time
available for contaminants to undergo reaction in the hyporheic
zone (Da ∝ 1/km). The trade-off between reaction and transport
implies that small changes in stream state variables can cause
substantial changes in the processing length . This can be
demonstrated by writing f Q/λ and Da explicitly in terms of state
variables:
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where δ = 0.18. Equations 17a and 17b are obtained by
substituting the EB correlation for km (eq 14a) into the definitions

of f Q/λ and Da, and assuming the dune height is 1/10 the water
depth, as is typically the case in natural streams.28

For the set of stream state values used to generate Figure 2
(and listed in SI Table 1), the processing length calculated from
eqs 17a, 17b, and 16b is very large ( = 275 km). Can this
processing length be reduced by manipulation of stream charac-
teristics? Because f Q/λ depends inversely on H, decreasing
water depth will decrease the processing length by a propor-
tional amount. For example, a 5-fold decrease in water depth
(from H = 0.5 to 0.1 m) will cause a 5-fold reduction in the
processing length (from 275 to 55 km). For the set of values
listed in SI Table 1, f R = 0.45. Thus, an increase in kr and/or θ
will yield, at most, a 2-fold reduction in the processing length
(from 275 to 138 km). Reach-averaged values of hydraulic con-
ductivity typically range from 10−5 to 10−3 m/s [e.g., ref 44].
The value for Kh in SI Table 1 (9.81 × 10−4 ms−1) is already
near the upper end of that range, and therefore this state
variable can only be decreased. Decreasing Kh by a factor of
10 increases the processing length by a factor of 5 from 275 to
1400 km. The variables U and λ have an opposite effect on f Q/λ
and Da. Decreasing the bed form wavelength (e.g., from
λ = 1 to 0.1 m) increases the value of f Q/λ by a factor of 10,
decreases the value of Da by a factor of 100, and increases the
processing length by a factor of 2.3, from 275 to 630 km.
The example calculations above illustrate how small changes

in state variables can significantly alter the performance of
hyporheic zone treatment systems. The calculations also reveal
that engineered or natural hyporheic zone treatment systems
operating outside their optimal state confer little water quality
improvement over short distances (i.e., < 1 km). However,
different empirical correlations for the mass transfer coefficient
appear to give different predictions for the processing length.
For example, when the modified CW correlation (eq 14b with
modified coefficients) is used in place of the EB correlation
(eq 14a), the predicted processing length is consistently shorter,
in some cases by up to an order of magnitude. The different
correlations also exhibit different degrees of agreement with
numerical simulations of hyporheic exchange across triangular
bed forms (see SI). Further research should focus on improving
and field-testing empirical correlations for hyporheic exchange
rates (km or equivalently um, see eq 12b), and developing more
sophisticated quantitative models that can guide the experimental
investigation and design of these low-energy natural treatment
systems.
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